In this paper we prove an infinite-dimensional version of Sard's theorem for Fréchet manifolds. Let M resp. N be bounded Fréchet manifolds with compatible metrics dM resp. dN modelled on Fréchet spaces E resp. F with standard metrics. Let f : M → N be an M C k − Lipschitz-Fredholm map with k > max{Ind f, 0}. Then the set of regular values of f is residual in N .
Introduction
Sard's theorem in infinite-dimensional spaces may fail as showed in [1] by giving a counterexample of real smooth map on a Hilbert space with critical values containing open set. However, in [2] Smale proved that if f : M → N is a C k -Fredholm map between Banach manifolds with k > max{Ind f, 0}, then the set of regular values of f is residual in N . The condition that f be Fredholm is necessary from the counterexample in [1] . In this paper we generalize the Smale's theorem for Fréchet manifolds. To carry out this at first, we need to establish the stability of Fredholm operators under small perturbation which requires to define an appropriate topology on the space of linear continuous maps. But it seems that it is formidable to work with the candidate topologies (cf. [3] ), due to the fact that if E,F and G are Fréchet spaces, the evolution map is not continuous for any vector space topology on the space L(E, F ) of linear maps, and if E is not normable or F is not empty then the composition map π : L(F, G) × L(E, F ) → L(E, G) defined by π(ι, κ) = ι • κ, is not bilinear continuous. An idea to remedy these problems could be to replace the space CL(E, F ) of all linear continuous maps between two
Fréchet spaces (E, d) and (F, g) by the space L d,g (E, F ) of all linear globally Lipschitz continuous maps. Then L d,g (E, F ) will have desired properties (see remark 2.1, proposition 2.1, and proposition 2.2). In addition,
we have to restrict the class of maps that we use to those ones which for them an inverse function theorem is available, we need this theorem to prove a local representation theorem for Lipschitz Fredholm maps which plays an essential role in proving the main theorem. The class of maps that we will consider is the class of the so-called M C k − maps introduced in [4] , [5] . Because as mentioned there exists a suitable topology on the space of linear globally Lipschitz continuous maps and in this category an inverse function theorem was obtained (see [4] , [5] ).
Preliminaries and Notations
In this section we set up notations and conventions which will be used. Most of the terminologies are taken from [5] but, we avoid differing metric Fréchet space with Fréchet space. 
Lipschitz maps and The Space
A Fréchet space is a locally convex topological vector space F whose topology can be defined by a complete translational-invariant metric d on F . Recall that a neighbourhood U ⊂ F of zero is absolutely convex if it is convex and balanced. In the case of real Fréchet space, it makes balls to be invariant under reflections x → −x.
In the complex case, they have to be invariant under multiplication with a complex unit. Every Fréchet space F admits a translational-invariant metric d defining the topology of F with absolutely convex balls. If α n is an arbitrary sequence of positive real numbers converging to zero and ρ n is any sequence of continuous semi-norms defining the topology of F . Then
is a metric with absolutely convex balls. The metrics of the form d α, ρ will be called standard metrics.
Definition 2.1. Suppose (E, d) and (F, g) are two Fréchet spaces. Define L d,g (E, F ) to be the set of all globally Lipschitz linear maps, i.e., maps L : E → F such that for them: 
(
(iv) If g is a standard metric, then
is a translational-invariant metric on L d,g (E, F ) making it into an abelian topological group. 
is a vector subspace of the space of all maps from E to F .
(ii) The evaluation map
is bilinear continuous.
(iii) If (G, h) is another Fréchet space with standard metric, then the composition map
(iv) the metric (1) is complete, and has absolutely convex balls.
with respect to the topology induced by the metric (1). And the inversion map
) and (F, g) be Fréchet spaces, and g a standard metric. The set of isomorphisms
F ) with respect to the topology induced by the metric (1).
Thus, i * is homeomorphism by virtue of the open mapping theorem. And since the group of automorphisms
, it follows that its image under i * which is the set of
Differentiation and MC
. Let E, F be two Fréchet spaces, U an open subset of E, and P : U → F a continuous map. P is called differentiable at the point p iff there exists a linear map d p P : E → F with
for all h ∈ F . If P is differentiable at all points of U , and if h → d p P (h) for all p ∈ U is a continuous mapping from E into F and finally if
In this sense P is called smooth, if
is b-differentiable. In this case we write P 0 = P and 
We should mention that an appropriate version of the Chain rule is available and the composition of com- For k ≥ 1, an M C k − map P : M → N of bounded Fréchet manifolds induces a tangent map T P : T M → T N of their tangent bundles which takes the fibre over f ∈ M into the fibre over P (f ) ∈ N and is linear on each fibre. The local representatives for the tangent map T P are just the tangents of the local representatives for P .
The derivative of P at f is the linear map
induced by T P on the tangent spaces. When the manifolds are Fréchet spaces this agrees with Definition 2.3.
Lipschitz Fredholm maps and stability
Definition 3.1. Let (E, d) and (F, g) be Fréchet spaces, and g a standard metric. A map ϕ ∈ L d,g (E, F ) is called Lipschitz-Fredholm operator if it satisfies the following conditions:
1. The image of ϕ is closed.
2. The dimension of the kernel of ϕ is finite.
The co-dimension of the image of ϕ is finite.
We denote by LF (E, F ) the set of all Lipschitz-Fredholm operators from E into F . For ϕ ∈ LF (E, F ) we define the index of ϕ to be Ind ϕ = dim ker ϕ − codim Img ϕ.
A subset G of a Fréchet space F is called topologically complemented or split in F , if F is homeomorphic to the topological direct sum G ⊕ H, where H is a subspace of F . We call H a topological complement of G in F .
Theorem 3.1 ([4]
, theorem 3.14). Let F be a Fréchet space. Then (i) Every finite-dimensional subspace of F is closed.
(ii) Every closed subspace G ⊂ F with codim(G) = dim(F/G) < ∞ is topologically complemented in F .
(iii) Every finite-dimensional subspace of F is topologically complemented.
(iv) Every linear isomorphism between the direct sum of two closed subspaces and F , G ⊕ H → F , is a homeomorphism.
F ) with respect to the topology defined by the metric (1). Furthermore, the function T → Ind T is continuous on LF (E, F ), hence constant on connected components of
Proof. Suppose ϕ : E → F is a Lipschitz-Fredholm operator. We have to find a neighbourhood N of ϕ in 
is therefore, a linear isomorphism. It follows that dim ker ψ ≤ dim ker ϕ. Indeed, consider the projection map γ : E = G ⊕ ker ϕ → ker ϕ. Since ψ is isomorphism it follows that G ∩ ker ψ = 0. But G = ker γ, whence ker(γ| ker ψ ) = ker γ ∩ ker ψ = G ∩ ker ψ = 0. Thus γ| ker ψ : ker ψ → ker ψ is a monomorphism, whence dim ker ψ < dim ker ϕ < ∞. Now let us show that codim Img(ψ) = dim F ψ(E) < ∞ . Let K be the complement of γ(ker ψ) in ker ϕ. Then dim K < ∞, and there exists an isomorphism E ∼ = G ⊕ K ⊕ ker ψ. Notice that ψ| G = ψ| (G⊕ {0}) and we have natural identifications:
.
Then we have the following commutative diagram:
Since ζ is onto and H has a finite dimension, we see that dim
So we have 
Proof. Let f = f 1 × f 2 , where f i : U → F i , i = 1, 2. By virtue of the open mapping theorem we have F 1 ) . Define the map
for all u = (u 1 , u 2 ) ∈ U, e 1 ∈ E 1 , e 2 ∈ E 2 . By hypothesis
By the inverse function theorem, there are open sets U ′ and V and an Let U ′ = U 1 × U 2 ⊂ U so that U ′ = U 1 × U 2 and U ′ ⊂ U . Suppose A ⊂ U ′ is closed, and a sequence {(y i , z i ) = (y i , η(y i , x i ))} ⊂ f (A) converges to (y, z), where {(y i , x i )} is a sequence in A, we need to show that (y, z) ∈ f (A). By assumption we have {x i } ⊂ U 2 , and since U 2 is a compact subset of a finite dimensional topological vector space, we may assume x i → x ∈ U 2 . Then (y i , x i ) → (y, x). Since A is closed, (y, x) ∈ A. By continuity of f we see that {f (y i , x i ) = (y i , z i )} converges to f (y, x), but f (y, x) ∈ f (A) thus, f (A) is closed. Choose m ∈ M , we will construct a neighborhood Z of m so that R(f |Z) is open and dense. By the local
